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THEORETICAL AND NUMERICAL STUDY OF THE
CONVERGENCE OF LUENBERGER OBSERVERS FOR A
LINEARIZED WATER WAVE MODEL

PIERRE LISSY* AND LUCAS PERRIN'

Abstract. This paper investigates the convergence properties of Luenberger observers applied
to a linearized water wave model. The study is motivated by the challenge of estimating wave
dynamics when only partial free surface measurements are available. We identify fundamental ob-
structions to convergence, showing that the classical Luenberger observer fails to achieve full-state
reconstruction due to challenges associated with mean value modes and high-frequency components.
To overcome these limitations, we introduce modified observer schemes that incorporate frequency
filtering and projection techniques. Our theoretical results are reinforced by numerical experiments
that demonstrate the practical effectiveness of these observer-based estimation methods for water
waves.
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1. Introduction. The study of water waves has long been a cornerstone of
fluid mechanics, with broad applications in oceanography, naval engineering, and
coastal management. These wave dynamics are governed by the water wave equa-
tions (WWE), derived from the incompressible Euler equations, which describe the
free surface’s evolution and the underlying fluid’s velocity potential. However, to sim-
plify the complex nonlinearity of these equations, the linearized water wave equations
(LWWE) are often employed. These equations, while capturing essential physical
properties, allow for more tractable analytical and numerical analysis. They form the
basis for the observer convergence analyses explored in this paper.

Recent research in the literature on fluid mechanics engineering science has fo-
cused on estimation and control techniques for wave systems, particularly in scenarios
where direct measurements of the full state of the system are unavailable or imprac-
tical [9, 7, 10]. Luenberger observers, initially designed for linear systems, have been
adapted to a range of complex applications, including fluid dynamics. The primary
objective of this paper is to examine from a mathematical point of view the conver-
gence properties of Luenberger observers when applied to the linearized water wave
model, with partial data from the free surface (the case of full surface measurements
has been studied in [36]). Although the existing literature offers a variety of meth-
ods for controlling and stabilizing water waves, there is a gap regarding the rigorous
convergence analysis of such observers in the context of the LWWE with partial ob-
servation of the water surface.

Several works have investigated control and stabilization methods for water waves.
Gagnon et al. [14] presented a Fredholm-type backstepping transformation to achieve
rapid stabilization of the so-called capillary-gravity linearized water waves model,
using spectral properties and controllability assumptions. We also refer to the con-
tribution of Alazard et al. [1], who provided insights into the stabilization of water
waves using pressure disturbances applied to the free surface. Further contributions
in the field of stabilization include Su et al. [33], who investigated the stabilization of
small-amplitude water waves using boundary controls. Note that the problem studied
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in this paper has similarities to that of damped wave equations. We refer to [31] for
a comprehensive review of this problem.

While previous studies have concentrated on stabilization and controllability for
both linear and nonlinear water wave models, our work provides a novel approach by
focusing specifically on the convergence of Luenberger observers in a linearized setting.
The contributions of this paper are twofold. First, we establish some obstructions
for the convergence of Luenberger observers applied to the LWWE, together with
sufficient conditions to recover some “partial” and quantitative convergence results,
leveraging spectral methods and operator theory. Related works are [15, 4], where
the authors also study Luenberger observers or back and forth nudging algorithms
for infinite-dimensional linear systems that are not fully reconstructible, as in the
present situation. However, the results given in these articles do not apply in our
context. Second, we validate these theoretical results through numerical simulations,
demonstrating the practical applicability of observer-based estimation for water wave
systems.

This paper is organized as follows. Section 2 introduces the linearized water
wave model. Section 3 sets the functional setting for our analysis. Section 4 delves
into the main non-convergence results (Theorem 4.1 and Theorem 4.4) for the most
natural Luenberger observer if we consider initial conditions in the natural energy
space, or in a space of initial conditions with zero mean value. Section 5 aims to
understand how to restore some partial and quantitative convergence theorems by
changing the Luenberger observer (Theorem 5.1 and Theorem 5.2). Lastly, section 6
validates the theoretical analysis through numerical experiments and discusses the
broader implications for observer design in fluid systems.

Acknowledgements. The first author was funded by the French Agence Na-
tionale de la Recherche (Grant ANR-22-CPJ2-0138-01).

2. The linearized water wave equation. This paper focuses on linearized
water wave (LWWE) equations. These equations are derived from a master model,
namely the water wave equations (WWE), itself derived from the incompressible Euler
equations. These derivations can be found in [11] or [23]. Our geometric setting is
summarized in Figure 2.0. We place ourselves in a domain {2 that describes the body
of our fluid:

2= {(z,y) eR*|—d <y <n(t,z)}.

The two main functions of interest are: (¢, x,y) the velocity potential at points (z, y)
and time ¢, and 7(¢, x), the free surface elevation at point = and time ¢. —d is a flat
bottom. As described in [11] or [23] for water wave with a horizontal bottom and in
[6] if we add the periodicity, ¢ is harmonic in space:

(2.1) AY(t,z,y) =0, (z,y) € 2, te€]0,+00).

Moreover, v is subject to the following boundary conditions:

oY (t,x,y) = ony=—d,
oY(t,x,y) = —gn(t ), ony =0,
(2.2) B
on(t, ) = Oyap(t, x,y), on y =0,
Y(t,x,y) =9t v+ L,y), (t,z,y)in [0,+00) x 2.
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FIGURE 2.1. Boundary problem for periodic water wave with flat bottom.

The first boundary condition is referred to as the bottom boundary condition
(BBC), the second as the dynamic free surface boundary condition (DFSBC), the
third as the kinematic free surface boundary condition (KFSBC'), and the last as
the periodic boundary condition (PBC). Readers are again referred to [6], [23] or
[11, Section 2.3] to see how the linearization around the rest state y = 0 of the
Bernoulli equation leads to those conditions. Moreover, for computational simplicity,
we consider here = being on the torus T = R/27Z , i.e. choosing L = 27. Under
all these assumptions and after applying the boundary conditions, it is shown [11,
2.3] that the velocity potential (¢, z,y) can be expressed simply at the surface as
a function ¢(t,x) = ¥(x,0,t), and reconstructed throughout the whole domain f2.
This results in the following system of equations which is now on variables ¢ and 7,
respectively, the velocity potential at the surface and the free surface displacement:

atgb(t?x) = _gn(t7$)7
(2.3) Ien(t, ) =G(¢)(t,2), (t,z) € [0,+00) x T,

¢(0,2) = ¢°(z), n(0,z) =n’(z),
where the operator G can be viewed as a Dirichlet-to-Neumann map that does the
link between the velocity potential throughout the whole domain 1, and the velocity

potential at the surface ¢. This operator is such that G : ¢ — 9y (t, &, y)y|y=0. Thus,
following [11, Section 2.3], the operator G is in Fourier space

(2.4) F19()] (n) = [n|tanh(d|n[)F [¢] (n), n € Z.

where F [-] is the Fourier transform on T. From (2.4), it is easy to obtain that functions
of the form:

(25) ((b’ n)t — (d)oei(nsznt), noei(nsznt))t
with w,, the angular frequency, are solutions of (2.3), provided that
(2.6) Wn oo = gno,

3
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and the following (dispersion) relation holds:
(2.7 (wn)? = g|n|tanh(d|n|).

3. Functional setting. We now introduce an appropriate functional setting.
Let us introduce the spaces

L} =L*(T) = {f = ane””J such that ||f||2L§ = Z |ful? < +oo} )

neZ neZ

Hy2={f=§jnameL§wmﬂwwfﬁw2:LmF+}jhmnP<+m},

nez nez*

H; = {f = anei"m € LZ such that Hfo{; = |fol® + Z n?|fnl? < +oo}.

nez nez*

Each of these spaces is endowed with the scalar product naturally associated with
the norm appearing in the definition. With these scalar products, they are Hilbert
spaces. Note that, notably, by the Plancherel theorem,

1
(3.1) 1712 = 52 [ 192 v € 22
P T Jr
Thanks to (2.4), the operator G can be expressed as follows:

(32)  Vf=> fae™ € Hy, Gf(x) =Y |n|tanh(d|n|)f.e™" (€ L}).

ne”Z nez*

Now, consider the operator A defined as:

(3.3) A= (g gl> ,

with state space H = H;/z x L2 and domain D(A) = H} x H;/Q, endowed respectively
with the Hilbertian norms (for which they are Hilbert spaces)

1CF Nz = 172+ MallZz, CF ) Deay = (1117 + gl 2

In this setting, the linearized water wave equations for periodic waves with an hori-
zontal bottom given in (2.3) can be written as:

(3.4)

{aty(t,x) = Ay(tax)’ (t I) c [0 —|—OO) x T

y(0,2) =y (),

where y = (¢,7)" and y° = (¢°,7°)".

3.1. Spectral analysis of G and A. With the expression (3.2), it is easy to
see that the distinct eigenvalues of the self-adjoint operator G are given by the ei-
genvalue 0 (associated with the constant eigenfunction 1), and by the eigenvalues
k. = |k| tanh(d|k|), k € N*, which are of multiplicity 2, with the associated orthogo-
nal basis of eigenfunctions given by e*** and e =%,

4
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Contrary to many usual situations, let us emphasize that 0 is an eigenvalue of
A, so that A is not a positive definite operator, but only a semi-definite operator.
Hence, the usual theory to pass from first-order to second-order operators (see e.g.
[34, Section 6.8]) cannot be applied, and notably, A is not a skew-adjoint operator.
This will be an additional difficulty, taking into account that many results in the
literature of Luenberger observers (or stabilization) are restricted to this case (see
notably various results in [24, 15, 4, 5]).

However, it is quite easy to discover that A is “almost” skew-adjoint and to derive
an appropriate spectral decomposition. The distinct eigenvalues of A are given by the
two families

N =iy/gpk = i/ gk tanh(dk), A, = —i\/guy = —i\/gk tanh(dk), k € N*,

each different eigenvalue being of algebraic and geometric multiplicity 2, together
with the eigenvalue 0, which is of algebraic multiplicity 2 and geometric multiplicity 1
(which means that we have a generalized eigenfunction associated with the eigenvalue
0). For |n| = k with k # 0, a basis of orthonormal eigenfunctions associated with the
corresponding eigenspace is given by

65 e (), e L ()
" 2|n|g Inle*™® ) " 2|n|g [n|etn®

A normalized eigenfunction associated with 0 is given by

(3.6) v = % (é) .

and an (orthogonal) generalized and normalized eigenfunction is given by

(3.7) vy = % ((1)) .

The family of usual and generalized eigenfunctions forms a Hilbert basis in Lg.

3.2. Well-posedness and conserved quantities. Let us introduce some ad-
ditional notation, that will be useful for proving the well-posedness of (2.3). We
define

L= {f € L2 such that /Tf = O} = {anei"m € L7 such that fo = O} ,

neZ

H;7/02 — {f: Z fnei™® € L12770 such that Hf||§_11/02 = Z |”||fn|2 < _|_OO}7
neLr P nez*

Hy o = {f = " fac™ € L2y such that [|f][3 = D" n?ful? < +oo}.

nez nez*
These spaces are endowed with the natural scalar product and norms induced by
their definitions, which we denote respectively by || - HL% ool gz |1 ||H11) , (notice
5 p,0 5

that we can extend these norms as semi-norms respectively on L2, H;/ 2,H;, which
corresponds to forgetting the mode 0, i.e. the mean, of the functions under study,
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and that these norms are nothing else than the restrictions of the norms || - |[rz, || -
1/2
v ||+ Ly on L2 o, HylG's Hi o)

Following the proof of [36, Theorem 1], we obtain that A, with domain

Do(A) = H} o x Hy'y

is the generator of a C%-semigroup of operators on Hy := H;/OQ X Lg’O endowed with
the natural scalar product, so that for any (¢°,7%) € Hy, there exists a unique solution
(¢,m) € C°([0,+0), Hp) (this is exactly in the setting of [36], in this case). Moreover,
it is easy to check that in the space Hy, Do(A*) = Do(A) and A* = —A, so that A is
in fact a generator of a C%-group of operators on Hy.

Our next goal is to understand how to obtain a well-posedness result on the whole

state space H. This is the purpose of the following proposition.

PROPOSITION 3.1. A is the generator of a C°-group of operators on H, so that
for any (¢°,n°) € H, there exists a unique solution (¢,n) € C°([0,+00), H) to (2.3).

Proof. We write H;/z X Lf, = Hy &, Ey, where Hy is in fact the closure of
the nonzero eigenspaces of A and FEj is the generalized eigenspace associated with 0.
Associated with this decomposition, we have a natural decomposition of A = Ag+ A1,
where

AO|H0 = A, A0|E0 =0 and A1|HU = 07 AI\EO = A.

Hence, by the previous discussion, it follows that Ag is the generator of a strongly
continuous semigroup on H. Moreover, A is clearly a bounded operator, since Ej
is a finite-dimensional space. We deduce (see e.g. [34, Theorem 2.11.2]) that A
is indeed the generator of a C%-semigroup of operators on H. Moreover, the same
analysis applies if we replace A by —A (because Ag is skew-adjoint, so —Ag is also
the generator of a strongly continuous semigroup on H, and —A; is still bounded),
so —A is also the generator of a strongly continuous semigroup on H. We deduce by
applying [34, Proposition 2.7.8] that A is the generator of a strongly continuous group
on H. 0

For a solution y = (¢,n) of (3.4), we introduce the following energy

(3.8) E(y,t) = % (g/T(n(t,x))de + /T(\/@b(t,m))gclx) .

Formally differentiating this expression, using (3.4), and the fact that G is self-adjoint,
we deduce that

%E(y,t) =g /T n(t, 2)dn(t, x)dx + /T VGo(t,z)d, (\/aqs) (t,z)da

g [ 0t )Go(t, z)dz + / VGOt VG (016) (t, 2)da

g [ 0t )Ge(t, z)dz + / Go(t, z) (8,8) (t, x)de

Il
o w

S—5—5—

n(t, 2)Go(t, x)dz + / Go(t, ) (—gn(t,x))de
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so that E(y,t) is conserved:

(3.9) Ey.t) = % (g /Tr (") + /T (g¢0>2> .

These computations can be made rigorous by taking initial conditions in D(A) and
using an easy density argument.

Let us give some invariant quantities that are inherent to (3.4). By the definition
of G given in (3.2), for any f € H'/2, we have [ Gf = 0. Notably, using the second
equation of (3.4) and integrating in space on T, formally, any solution (¢, n) is such

that
o ( [nte.)) = [ gt

so that [, 7(t, ) remains constant over time:

(3.10) Yt >0, /Tn(t,~) :/Tno.

Hence, the first equation of (3.4) integrated in space on T also gives that

(o) = [
so that
(3.11) vt >0, /T¢(t,~) :/quo—gt/TnO

These quantities are fully determined as soon as the initial conditions are known.
Conversely, knowing the mean value of ¢ and 7 at any time ¢ > 0 is enough to recover
the zero mode of 7° and ¢°. Hence, if we assume that for some extra reason, we are
able to reconstruct or guess what the mean value of 7(¢,-) and ¢(¢, ) are, then, it is
possible to reconstruct the zero mode of 7 and ¢°. Here also, these computations
can be made rigorous by taking initial conditions in D(A) and using an easy density
argument.

The core idea of this paper is that, unlike in [36], we place ourselves in a setting
where we only get a partial measurement of the surface n(¢,x): y(t,z) = 1,(x)n(t, x),
where w is an open subset of T that is distinct from T. However, contrarily to the
result given in [36], this partial measurement is not enough to reconstruct the solution
of (3.4), as it is proved later on, and we need to find another strategy to recover at
least low frequencies different from 0. The first Luenberger-type observer we will
study is the following natural one:

815(5(7573") = _gﬁ(tax)v
(3'12) (?tﬁ(t’x) = gd)(tvx) - Vlw(x)(n(tvx) - ﬁ(t,x)),
d)(ovx) = ¢O(x)7 77(0,1’) = ﬁo(m)a

where v > 0 is the correction gain, and ((;57 )T is the observer trajectory of the state

(¢,m)". )
Then, (¢er, Ner) := (¢ — ¢,n — 7)) is the solution to

atéer(tvx) = _gner(t?x)a
(3~13) atﬁer(tv I) = g¢er(ta 517) -7 (1w(93)77er(t’ x)) ,
¢€7‘(07 :L’) = d)(e)r(x)a ner(ov :L’) = ﬁgr(fﬂ)a
7
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where @9, (z) = ¢°(z) — 6°(z) and 70, (x) = n°(z) — 7°(x).

To conclude, let us introduce the output and observer gain operators. We consider
the output space Y to be the same as the state space H. They are given respectively
by

(3.14) C = (8 N ) € Lo(H) and L = v, € Lo(H),

so that (3.13) can be also abstractly written as
d)er(tv JC) Ger (ta I)
) =(A-LC )
tcmamg ( )wam>
(3.15) 0
Per(0, ) _ er(®) '
Ner (0, ) Ner (%)

4. Non-reconstruction results for the localized Luenberger observer on
the whole state space.

4.1. Obstruction coming from the mean value. Let us prove the following
easy fact.

PROPOSITION 4.1. (3.13) is not asymptotically stable: there exists y° € H such
that the corresponding solution y to (3.13) does not satisfy ||y(t)||m — 0 as t — +o0.

Proof. This is just a question of noting that vj defined in (3.6) is still an eigen-
function of the operator A — LC, associated with the eigenvalue 0. Indeed, we have

(A-LCO)yi = Ayl —~yLyf = <8) .

Hence, the corresponding solution to (3.13) is constant in time and given by

(fer(t, ), mer(t, 7)) = v .

Hence, for such a solution, ||y(t)||g is a nonzero constant and cannot converge to 0
as t — +o0. a

REMARK 4.2. Proposition 4.1 also holds if we replace L = vI4 by any L € L.(H),
or even for any L : H — H for which the equation (3.15) makes sense, as is readily
seen from the proof.

According to Theorem 4.1, it is tempting to try to stabilize all frequencies except the
0 one, corresponding to the mean value.

4.2. Obstruction coming from the high frequencies for the original Lu-
enberger observer. A key point in proving that the Luenberger observer does not
converge exponentially even if we do not wish to reconstruct the mean value is the
following result, which might be of independent interest.

LEMMA 4.3. Let H and U be two Hilbert spaces. Assume that A is the generator
of a CO-group of operators on H, and that B € L.(U,H). Assume that P € L.(H) is
a projection onto the closed subspace F = P(H), and that P commutes with A. Let
us introduce the growth bound of —A, given by

(4.1) wo(—A) = t_l}igloo t~'log (He*tAH) .
8
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Assume that there exist K € L.(H,U), C > 0 and X\ > wo(—A) such that for any
y? € F, the solution to the abstract linear feedback system

/ —_
(4.2) Y = Aoy + BKy,
y(0) =y
satisfies
(4.3) vt >0, |[Py(t)|lx < Ce ||y

Then, there exists T > 0 such that for any y° € F, there exists u € L?((0,T),U) such
that the solution y to the control system

y = Ay + Bu,
#4) {y(O) =y’

satisfies P(y(T)) = 0.

Proof. Our proof is inspired by [24, Theorem 2.4]. Assume that (4.3) holds. Let
T >0 and

(4.5) J(T) = Pe~TATAYER) ¢ £ (F),

where F is endowed with the norm on #. Moreover, since P commutes with A,

(4.6) 1T < e TA| [Pl AFED|.

(4.3) gives that as an operator from F to F endowed with the norm of H, we have
[Pl ATER)|| < Ce T,

Hence, the above inequality combined with (4.6) (recall that A > wo(—.A)) ensures
that ||J(T)|| < 1 for T large enough. Hence, setting J = J(T') for such a fixed T', we
have that I — J is invertible and (I — J)~! € L.(F).

Now, let 4° € F. For t € [0,T], we set

21(t) = BT — Y0 e H, 2(t) = AT — (I - J)" )y € H.

Seeing (I — J)71y® and (I — (I — J)71)y° as elements of H# and using a perturbation
property of semigroups (see [28, Section 3.1, Formula (1.2)], we have

(4.7) y(t) = 21 (t) + 22(t) = !9 + /0 e=IABK 2, (5)ds.

Clearly, y(0) = y°. Moreover, from the expression of J given in (4.5), together with
the fact that P and A commute, we deduce that

PeT(A-‘rB]C) — CTAJ

Using that y° € F = P(H), that P and A commute, and that P is a projection
on F, (so that P((I — J)~Hy®) = (I — J)~1y°), we obtain

Py(T)) = P (A — 1)1y ) + P (AU~ (1= ) )y)
=eA(JI -0+ (I - (I -T)7h))y’

b
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whence the result by taking as a control
U(t) = Kzl(t) € LQ((O,T),U), O

using (4.7) and the Duhamel formula.
Applying the previous proposition gives the following negative result.

PROPOSITION 4.4. (3.13) is not exponentially stable with respect to the semi-norm
1 g 11z,

Proof. We argue by contradiction. We assume that for any (¢9,,12.), the solution
(¢er,7er) to (3.12) converges exponentially to 0 in the |[ - [[ ;12 X [| - ||z | semi-norm
p,0 >

as t — +oo0.
We can apply Lemma 4.3 with A = A (which is of growth bound 0), B = C,
K = L (note that L and C commute, so that BKX = LC) and P is the orthogonal

1/2

projection on F = Ho = H,y X Lg,m which commutes with A (see the beginning

of the proof of Theorem 4.1). We deduce that there exists 7' > 0 for which for any
(%, n°) € H;’/OZ x L2, there exists v € L?((0,T), T) such that the solution (¢,7) to

p,0”
at¢(t7x) = _gn(tam)v
(4.8) omn(t, x) =Go(t,z) + 1, (x)v(t, ),

QS(OvI) = ¢O(w)7 77(071') = 770(93),

is such that P(¢(T,-),n(T,-)) = 0. Since F+ = Ey (the generalized eigenspace asso-
ciated with 0), this implies that both ¢(T,-) and n(T),-) are constant.
Now, we introduce

7

Then, using (4.8), u solves

8tu = —z\/ﬁx/gu + 1,v,
w(0,7) = <=/ (2) +n°(x) € L2

Clearly,

(¢07770) € Hp%,() X L;%,o = \/ig\/—aébo(x) + 770(5”) € L?o,o

2 there exists

is onto. We deduce that for any u® € L3,

1
(¢",n°) € Hyy x Ly

such that )
1
= —VG(x) +1°(x).
7 () + 1" (2)
For such ¢, n°, there exists v € L?((0,T) x T) such that the solution (¢,7) to (4.8)
is such that ¢(T,-) and ¢(T,-) are constants. Hence, posing u as above, we deduce

that the solution u to

u’(x)

O = —Z\/ﬁx/gu + 1w,
(4.9) {u(O, ) =u’(x),
10
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satisfies that u(T,-) is a constant.

Let us prove that we are in the setting of [21, Proposition 27], that enables to
recover (under certain conditions) a full controllability result from a “partial” one, of
the form set out above. Let us locally use the notations of this article, for the sake of
clarity.

We set H = Lf), that is indeed a complex Hilbert space for the natural scalar
product. We set U = Lf,, Upr=U = LZ((O,T),LIZ)). It satisfies the “extension by 0
property”: if w € Ur, a,b > 0, then the function w defined by w(t) =0 for 0 < t < a,
w(t) =wt—a)fora<t<TH+a,and w(t) =0for T+a<t<T+a+bisin
L*((0,T +a+b),L2).

We also set A = —i\/ﬁx/g, which is an unbounded operator with domain Hp% ,
F = span(1) (which is finite-dimensional and stable under '), § = L2 ; = span(1)*!
(which is closed and finite codimensional), and B = 1,,. We have just proved that
for any u® € S, there exists w € Ur such that the solution u of (4.9) satisfies that
u(T, ) e F.

Moreover, A is diagonalizable and its eigenfunctions are the family of the complex
exponentials {e"®}, <z, which is well-known to be a linearly independent family on
any open subset of T. Hence, since B* = 1,,, we indeed have by [21, Remark 28] that
for every finite linear combination of generalized eigenfunctions gy of A*, we have
B*et4 gy = 0 on (0,¢) for any € > 0 implies that go = 0.

Hence, we can apply [21, Proposition 27] and obtain the null controllability of
(4.8) on the whole state space Lf, at any time 7" > T.

However, this turns out to be false. Indeed, using the formalism of [20], we can
write

ivavG =p (V=24),

with
p(x) = i\/g+/x tanh(x).

Note that p is holomorphic on C* and continuous on C, and that p(z) = o(z) as
z — 00. Then, we can apply [20, Theorem 1.4] to obtain that (4.9) is not controllable
in Lg, which yields the desired result by contradiction. ]

REMARK 4.5. Contrary to Proposition /.1 (and also to Proposition 5.1), we are
not able to extend the previous result to more general observer gains L € L.(H) in the
observation problem 3.15. Indeed, what is important in the previous reasoning is that
we are able to see the output C as a control B, and the observer gain L as a feedback
K, in order to apply Lemma 4.3, which makes a link between a partial stabilization
result and a partial controllability result, but this lemma does not seem to be extendable
to an observation problem. In fact, it is easy to figure out that Proposition 4.4 can be
extended to any observer gain L € L.(H) which commutes with the output C, which
s a highly restrictive condition.

5. Modifying the state space and the Luenberger observer. As we have
seen, we cannot have exponential stability of (3.13) because of two obstructions, one
coming from the mean values and one coming from the high frequencies. Let us give
two remedies to these problems.

I'We modified the notation G in [21, Proposition 27] into S, to avoid confusions with the operator
G of the present article.

11
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5.1. State space of initial conditions with null mean value: polynomial
decay. Let us restrict our state space to the set of initial conditions with null mean
values, i.e. we take as a state space Hy. Note that it is not very convenient to look at
(3.12) with initial state in Hy. Indeed, if we are looking at (3.13), we observe that H
is not stable under the semigroup generated by the operator appearing in (3.13): if
we start with initial conditions in Hy, then, in general, the term 1,7, does not have
mean value zero. One natural remedy is to “force” in some sense this property by
projecting again on Hy. We call Iy, the orthogonal projection in H onto the closed
subspace Hy. According to the previous discussion, we first propose a new Luenberger
observer leading to the system

at(lg(t,fﬁ) = _qﬁ(ml‘)v
(5'1) (?tﬁ(th) = q(ﬁ(tax)*’yHHolw(x)(n(tax) 777(7579:))3
¢(07x) = ¢O(m)7 ﬁ(ovx) = ,,70(‘%.)7
where (¢°(z),7°(x)) € Ho. If (¢°(x),n°(x)) € Hy and (¢,7) is the corresponding
solution to (34)a then7 (¢era ne’r) = ((b - dA), n— ﬁ) is the solution to

8t¢er(t7x) = _gner(tvx)7
(5.2) Oer(t, ) = Goer(t,x) — 11, (1o (@)Ner (t, 7))
¢€T(Ov JC) = ¢2r(x)a 7767"(07 JC) = ngr(x)v

where ¢0 () = ¢°(2)—¢°(z) and 10 (x) = n°(2)—7°(z) are in Hy. For later purposes,
we need to put our system under the form of a collocated control problem. An
explicit computation shows that vIlg,1,, is a self-adjoint and non-negative operator
on Hy. Hence, by functional calculus, it admits a unique square root denoted by
B =, /v, 1, which is also self-adjoint. Hence, this system can be rewritten in an

abstract way as
¢er(tax) D D ¢er(t7m)
Ok =(A- * ,
(5.3) <’7€T(t’””)> e ("er(t7m)>
(%(o,x)) _ ( &@e))
Ner (0, 7) 7727"(1:) .

Note that it can also be written in a different abstract way. Let us consider the output
space Y = H to be now different from the state space Hy. Now, the output operator
C and the observer gain L are given by

(5.4) C= (8 10 ) € L.(Ho,H) and L = ~ITy, € L.(H, Hy),

so that we also have

55 Ner(t, ) Ner(t, T
59 G002\ _ (%)
ner(ovx) Ugr(w) ’

Moreover, remind that we already remarked that A is the generator of a C°-group
on Hy and that on Hy, A is skew-adjoint. High frequencies are still an issue here, as
shown in the next Proposition.

N <¢er<t,x> (A—L¢) ¢>er(t,x;>7

12
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PROPOSITION 5.1. (5.3) is not exponentially stable with respect to the || - 172 %

||H
[l - ||L2 -norm.

REMARK 5.2. Proposition 5.1 also holds if we replace L = vIq by any L € L.(H),
as is readily seen from the proof.

Proof. The proof is quite similar to that of Theorem 4.4. We argue by contra-
diction and we assume that (5.5) is exponentially stable. We deduce that the adjoint
semigroup (A — LO)* = —A — C*L* is exponentially stable. From the definition of
C given in (5.4), it is easy to deduce that (C)* = Ty, 1, € L.(H, Hp). From [24,
Theorem 2.4] (by seeing (C)* = ITy,1,, as a control operator and (L)* as a feedback
operator), we deduce that the system

aib(t,x) = gil(t,z),
Ohij(t,x) = = —Go(t,x) + v p, (Lu(z)v(t,2)),
¢(0,5E) = ¢0( )v ( ) O .’E),

is exactly controllable in the state space Hy, at some time T° > 0 for some v €
L2((0,7), Lg). Following the proof of Theorem 4.4, we argue by contradiction and we
obtain that

56) {atu = i\/GV/Gu + Mg, (1,0),

uw(0,z) =u’(x)
is null controllable in the state space L o at some time 7" > 0, for some v €

L?((0,T),L2). By duality (see e g- [34, Theorem 11.2.1]), this means that there

exists C' > O such that for any ¢° € Lp 0, we have

T
(57) ol < [ [ lett o) Pdade,
0 w
where ¢ is the solution of the adjoint problem

D = —i\/gVGe,
p(0,2) = ¢°().

It turns out that (5.7) is false. Indeed, the counterexample provided in [20, Proof
of Theorem 1.4, Page 3145] is the periodization of a family of functions (gn)ne(o0,1),
defined on R, that are compactly supported in the Fourier variable, with support away
from ¢ = 0. Notably, all the g;, are of mean 0 and are in L? »» SO they lie in L o and
furnish a counterexample for (5.7). o

However, even if one cannot expect exponential stabilization, we still have the
following result.

THEOREM 5.1. (5.3) is asymptotically stable with respect to the ||- ||H1/2 x||- HLz -

norm, in the sense that the solution of (5.3) converges strongly to 0 as t — +oo.
Moreover, (5.3) enjoys the following polynomial decay: there exists C > 0 such that
for any (¢8,.,1°.) € Do(A), the corresponding solution of (5.3) satisfies

(58) ||(¢er( ) 7767“( ))”Ho X \/ﬁ”( er’ner)HDo(A t>0.
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REMARK 5.3. Remind that (5.8) cannot hold if we replace ||(¢2,,n%,)||Doa) by
1182, m8)|| e, in the right-hand side, because of [13, Proposition V.1.7] (which asserts

er?

that in this case, (5.3) would be exponentially stable).

Proof. We would like to prove that [32, Theorem 3.6] applies. Here, A* = —A has
compact resolvents, and the feedback is under the form —BB* (see (5.3)), which is
exactly the form of the feedback constructed in [32, Theorem 3.6] (since it relies on [32,
Theorems 3.3, 3.4, 3.5]). Moreover, what is called “complete controllability” in [32]
is exactly what is called approzimate observability in infinite time in [34, Definition
6.5.1]. Applying [34, Proposition 6.9.1], we deduce that approximate observability in
infinite time holds as soon as the Fattorini-Hautus test holds: there does not exist
any eigenfunction ¢ of the operator A* such that B*¢ = 0, which is equivalent to
BB*@ = 0. We argue by contradiction. For such an eigenfunction ¢(x) = <(£g))> of
A* = — A associated with an eigenvalue \ # 0, B*(p = 0 is therefore equivalent to:
for every = € w, we have n(z) = 0. In view of the eigenfunctions given in (3.5), 7 is a
linear combination of at most two distinct complex exponentials, that are well known
to form a linearly independent family on any interval (and so on w), we deduce that
n(z) =0, Vo € T. In view of the expression of A, the fact that Ap = Ap notably gives
(by looking at the first component) that —gn = A¢. Since A # 0, we also obtain that
¢(x) = 0,Vz € T, which concludes the proof of the asymptotic stabilization result by
applying [32, Theorem 3.6].

Let us now explain how to prove (5.8). Our idea is to apply [5, Theorem 3.9]. In
order to apply this Theorem, our first goal is to estimate

s||D*((1 +is)>+G_1)"'D||, s e RT,
where D = D* = I ,1,, and G_1 is the extension of G in L.(Hy, Dy(A)"). Note
that by [5, Section 2B], we have that for s > 0,
(5.9) (sD*((1+is)2+G_1)"'D) = B*((1 +is) — A_1)"'B,

where A_; is the extension of A in Ec(Li,O, (H;’O)’). Since B* is bounded, we have,
for any s > 0,

(5.10) 1B*((1+is) — Ay) " BI| < ||B*|| 1((1 +is) — A—1) Y[ | B

Since A has purely imaginary spectrum, we have the existence of C' > 0 such that for
any s = 0, ~ ~
||B*((141is) — A1)~ 'B|| < C.

Hence,coming back to (5.9), we have existence of some constant C' > 0 such that for
any s > 0, we have

(5.11) s|[D*((1 +14s)* +G-1)"'D|| < C.

Moreover, the eigenvalues +/fi of v/G behave asymptotically as Cvk as k — +oo for
some C' > 0. In particular, there exists ¢ > 0 small enough such that for any k& € N*|

we have ‘

N

V41 = Mk 2

For s > 0, we set

(5.12) (50(8) = —.
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Then, for any s > 0, the set [s — do(s),s + Jo(s)] contains at most one eigenvalue.
We call WP(s) the “wavepacket” associated with s > 0, i.e. the spectral subspace
associated with the set [s — g(s), s + do(s)], which is either empty, or limited to an
eigenspace of a unique eigenvalue.

Consider any eigenfunction f of v/G associated with an eigenvalue VH,- Then,
f can be written as f(r) = ape’*® + bre”*® with ay, by € C. Moreover, Writing
w = (a, ) with a < B, using Iy, f = f, the fact that the scalar product on L o is
the restriction of the scalar product on L ,and (3.1),

||D*fHL; =(D*f,D* )12,
= (DD"f, f)12
= (I, 1o f, >
= (Lo f, Iy f)rz
(1uf, f)

= / 7

= %/ (laf® + [b]* + 2 Re(abe?* ™)) dx

_ 1 Y-
= 52777(1“&‘2 + (6% + o Re (ab/a ewmdm)

_ ﬂ —a ) 5 762““3 _ e2zk:oc

Since [1.|f[* = |a|* 4 |b[?, we deduce that as soon as f # 0, we have HD*fH 75 0
and, by Young’s inequality,

2.0 = - = — >0 k| — .
JrlfP 2T k 2 as |k| = oo

Hence, for some C' > 0 small enough, we have that

(5.13) 1D*fllzz, = Cllfllzz,, f € WP(s), s > 0.

Combining (5.11), (5.12) and (5.13), and applying [5, Theorem 3.9] gives that for

some new C' > 0 o
||(isId — (A — BB*))™!|| < Cs?, s €R.

Applying [3, Theorem 2.4] gives that (for the operator norm in Hy)

(5.14) [efA=BEY (A~ BB*)7Y | =0 Qi) e

We easily deduce (5.8) by applying this estimate together with the identity: Vo €
DO (A)7

et(AfBgé*)sD _ et(Aféé*)(A o BB*)fl(A o BB*)QP
and remarking that using a triangular inequality,

1(A = BB*)¢ll < Cllellpy(a) 0

15

This manuscript is for review purposes only.



510

ot
[
NG

525

526

ot
)
-~

5.2. State space of low-frequency initial conditions with null mean
value: exponential observer. A remedy is to look only at low-frequency func-
tions. Let us fix some N € N*. We call Hy the finite-dimensional space

— g + -
Hy = span{v, , v, biginj<n-

We also introduce I7 iVFO . the orthogonal projection on Hy in H. We restrict ourselves
to initial conditions in Hy and we propose the following observer:
(5.15)

8t¢(tv :L') = _gﬁ(ta (E),

atﬁ(tu l’) = g(¢(t7 37)) - IYH;JVF()J_ 1w (ﬁ(t7 JI) - n(t7 .’L')) ’ (t? LE) € [07 +OO) X Ta

6(0,z)  =4%=x), H(0,z)=i(x),

resulting in the error equation:

at¢er(tvm) = _gner(tvx)a
(5.16) Oeter(t,x) = G(¢er(t,2)) = VI g Lumer(t, 2), (t,2) € [0,400) x T,
Per(0,7) = d2(2), Ner(0,2) =g, (2),

where ¢, (z) = ¢°(z) — ¢°(z) and 12, (z) = 1°(z) —7°(z). We then have the following
result.

THEOREM 5.2. (5.16) is exponentially stable, and there exists C > 0, independent
of N, such that for any (¢°,.(x),n%.(z)) € Hy and any t > 0, we have

(5.17) [1(Ger(t ), mer (& DLy < 12 (@), n0 (@)™ ¥

Proof. In this proof, C' > 0 will be a constant, independent of N, that might

change from line to line.
We introduce
0 0
BN = ( N > 3
0 Hporlw

which is a selfadjoint operator (since JT7y . 1oy = I Npo: LIy on Hy) and

N 0 0
By =1 oy 1,

so that By = BNB}‘V Since A is skew-adjoint and By is selfadjoint on Hy, A — By
is dissipative in the sense that for any ¢ € Hy, we have

(A= Bn)p.p)u < 0.
Hence, we deduce that
(5.18) |[e!A=BN) || < 1,V > 0.

Following the proof of Theorem 5.1, we deduce by using a similar estimate to (5.10)
that we have an estimate similar to (5.11), namely,

s[[Dx (1 +i5)* +G_1) "Dl < C,
16
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528 where Dy = /I 0

529  the proof of Theorem 5.1, we also have the analogous of (5.13)

1. Moreover, following exactly the notations and reasoning of

330 1DxSllzz o 2 Cllifllzg,, £ € WP(s), 520,

0

and the wavepacket is defined with the same Jg as in (5.12). We deduce that a result
similar to (5.14), namely, for some C7 > 0 large enough independant on N, we have

Cllella

et(A*BN) A*B —1 <
| ( N) el i

, Vo € Hy, Vt > C4,

531 which can be rewritten as

_ CllA = Br)ell
DG

533 By definition of Hy, since ||By|| < C, and the eigenvalues ¥ of A behave asymp-
534 totically like 1/|k| as |k| — +oo, we have

532 (5.19) ||t A=BN) || g , Yo e Hy, YVt > Ch.

(A = Bn)ella < CVN|lgllm, Vo € Hy.
535 Hence, (5.19) implies that

CvVN
536 (5.20) || A= || < M, Vo € Hy, VYt > O,
Vit
Consider N large enough such that
CVN _ 1
Vo, 7
537 and consider ¢ty > 0 such that
CvN 1
538 (5.21) i =
Vi 2
539 We have ty > C4, and from (5.20),
1
510 (5.22) |lety (A=BN)|| < o8

541  Now, consider any ¢ > 0, and write t = aty + b, with a € N and 0 < b < ty. Using
542 (5.22) and (5.18), we obtain that

1 (5'23) ||et(AfBN)H < ||etN(A*BN)||a||eb(A*BN)H < <;) < (;) N .

From (5.21), we deduce that ty = CN. Hence, (5.23) gives that
t

1
tA-Bn)|| < (£
fleep< (5)

544 from which we easily deduce (5.17). a
17
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6. Numerical Results. This section is structured into four parts. The first
part addresses certain numerical aspects that are worth discussing before proceeding
with the numerical experiments. Specifically, it covers the distinction between per-
forming computations in Fourier space versus classical space, the interpretation of
low-frequency projectors, and the phenomenon of aliasing. The second part focuses
on validating the theoretical results presented earlier through numerical simulations.
The third part explores the behavior of the convergence rate as a function of the num-
ber of available frequencies. Finally, the fourth part shifts to an application beyond
the theoretical framework of this paper. Here, we apply a Luenberger observer to the
problem of wave field reconstruction in open water. Data assimilation for wave fields
is a crucial topic in addressing certain challenges in engineering and hydrodynamics.
This research area has gained significant attention in recent years, with applications
ranging from flood or tsunami prediction [30, 26] and bathymetry detection [18, 2] to
the reconstruction and prediction of wave fields from observations [35, 12, 27, 22, 8].
Our last case focuses on the latter, making simplified assumptions while ensuring that
the proposed method remains both relevant and practical. The approach is deliber-
ately straightforward and easy to implement.

6.1. Numerical aspects. In this section, we clarify some numerical aspects
that are important to address in the following sections.

6.1.1. Fourier space and classical space. Let us first address the choice
of the space (Fourier or classical) in which the numerical tests will be carried out.
Computations for subsection 6.2 and subsection 6.3 are performed in Fourier space.
Computations for subsection 6.4 are performed in the classical space.

Concerning subsection 6.2 and subsection 6.3, this choice is motivated by the de-
sire to better represent the theoretical convergence results that we want to illustrate
and to facilitate computations. But let us address the difference between running the
simulations in the Fourier space and in the classical space. Recall that for a periodic
continuous function f on the torus T, there exists an equivalence between the repre-
sentation of the function on the grid (f(«;))i=o,....n,—1 and its representation in the
Fourier domain F [f] (n)n=—n;,.. n; if Ny = (N, —1)/2. This equivalence can be
recovered with a simple discrete Fourier transform computation. However, this equiv-
alence is no longer valid for piecewise continuous functions, which is our case because
of the operator 1,,. In this setting we therefore lose the uniform and absolute conver-
gence, but we still have convergence in L?-norm, and almost everywhere convergence
of the Fourier series to the function in the classical space by classical theorems of
Fourier analysis. It can be shown that the operators constructed subsequently in a
discretized Fourier space converge towards the same operators constructed in a dis-
cretized classical space as NV, (or Ny) tends to infinity. The indicator operator 1,, is
then passed into Fourier space, assuming w = [1 — a, 7 + a|, with:

1 [ a
(61) 60(1[71'—(1771'-'1-(1]) = gl 1[7r—a77r+a] (I)dl’ = ;

and, for n € Z\ {0},

1
2

a(—1)" sin(na).

2 n(Lr—a,x+a]) =
(6.2) ¢n(Lr—a,m+a)) T na

2
/ 1ir—a,n+a)(T) exp(—inz)dr =
0
Regarding subsection 6.4, computations are carried out in the classical space as

we approach a realistic and practical problem.
18
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6.1.2. Projectors. Let us clarify what low-frequency projection means in a nu-
merical setting. Indeed, once we carry out a discretization (Fourier or classical), this
already amounts to carrying out a low-frequency projection of our continuous prob-
lem into a finite-dimensional setting since a discretization of our function can only
represent a finite number of frequencies.

This is what is considered in the numerical test performed in subsection 6.4. The
low-frequency projection is not visible in the formulations, but rather implied by the
fact that we work in a discretized setting.

Regarding the first numerical test in subsection 6.2, as our aim is there to support
the theoretical assertions made in this paper, low-frequency projection is defined as the
operator that projects the solution onto the frequency subspace that coincides with
that of the initial condition. For example, if the initial condition of our initial value
problem contains two sines of frequencies 1 and 2 (i.e., sin(z) + sin(2z)), then the
low-frequency projection operator projects a function in Fourier space onto frequencies
{-2,-1,0,1,2}. This initial condition is considered to be low-frequency.

6.1.3. Aliasing. Another important numerical aspect is aliasing [25]. It is also
known as spectral folding and occurs when we try to represent a function that contains
more frequencies than the discretization grid can allow. The frequencies that are too
high for the grid are then folded onto the rest of the frequencies, hence introducing a
numerical error that cannot be avoided.

In order to avoid aliasing in subsection 6.2, we choose to concentrate on an initial
condition that can be represented on the chosen frequency space. These are therefore
sums of sines and cosines, which contain fewer frequencies than the frequency space
can represent.

In subsection 6.4, this phenomenon is present as we aim to apply our observer on
a more realistic setting. We are then outside the theoretical frame exposed above.

6.2. Numerical convergence of the error equation in the theoretical set-
ting. In this section, we validate numerically the theoretical results presented above.
Computations are performed in MATLAB [17]. We choose to emulate a discretization
in space of the 1D torus [0, 27| with N, points, i.e. a {xg,z1,...,2n,-1} grid with
x; = iAx, where Ax = 2w /N,. For simplicity, we assume N, to be odd, so that the
maximum number of frequencies that can be represented with this discretization is
Ny = (N, —1)/2. We therefore suppose to use a grid with N, = 26 + 1 equidistant
points, equivalent to the same number of frequencies, ranging from —Ny = (N, —1)/2
to Ny = (N, — 1)/2. Computations are actually carried out in this frequency space.

We want to compare the results of different ODEs that describe the behaviour
of the error without modifications (6.3), the error with a projector that removes the
mean (6.4), and the error with a projector that removes the mean and high frequencies
(6.5).

Oer(t, ) = —gner(t, )
(63 ] & {amera,x) = G(ur(t,2)) — Lutir ()
6t¢er(t7 l') = _gner(ta $)
(64) [EQ] < {8t776r(t7$) = g(¢er(t7x)) - Hlolwner(t7x)a
at¢er(ta l‘) = _gner(t? !E)
(65) [ES} = {8t7757"(t7 J}) = g(¢er(ta QZ‘)) - HLOHLFlwneT(ta -T)

19
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Here w is defined as the interval [7/2, 37/2], representing an observation of half of the
free surface.

Regarding the initial condition, recall that ¢° and n° must satisfy relation (2.6),
ie., F[n°] (n) = “JT"]: [#°] (n) where F [] is the Fourier transform on T. Same holds

for 7° and ¢° and consequently, for ¢°. and 70 . We therefore choose to define ¢2,. as
a signal with no mean defined as a sum of N;,;; = 4 sines and cosines:

n=Ninit=4

(6.6) O (x) = Z Bn,18in(nx) + B 2 cos(nx),

n=1

with 3,1 and 3,2 taken at random from [0, 1] for each mode. Once ¢?, is set, we
choose 7Y, so that it follows relation (2.6) on each Fourier mode.

We discretize the operators associated with the dynamics of equations (6.3),
(6.4) and (6.5) into matrices My, My and M3 over 2Ny + 1 frequencies, sorted as
{0,1,..., Ny, —Ny¢,...,—1}. This leads to:

(6.7)

(O —gI (O —gI (O —gI
Ml(G —Cw>’ MQ(G —Dmcw)’ M3<G —DLFDlocw>’

where G = diag({0,tanh(d),..., Ny tanh(dNy), Ny tanh(dNy), ..., tanh(d)}) is the
diagonal matrix corresponding to the Fourier multiplier operator G, I the identity
matrix, O the zero matrix, C,, the matrix representing in Fourier space the application
of the convolution product of the Fourier coefficients of the operator 1, onto a vector,
D ¢ the diagonal matrix which removes mode 0 and D,z the low-frequency projection
matrix onto frequencies {—Nint, ..., Ninit}. Note that, for simplicity reasons, we
choose to set v = 1. For a given matrix M, ¢ € {1,2, 3}, we solve the corresponding
homogeneous linear ODE with MATLAB ode45 solver. Numerical results are shown
in Figure 6.1.

The non-convergence of the error equation (6.4) can therefore be observed, due to
the obstruction coming from mode 0. Concerning the solution of the error equation
(6.4), we can see the obstruction coming from the high frequencies, which prevents the
desired convergence at low frequencies. Convergence is linear because, since the equa-
tion is discretized, we are in a finite-dimensional regime. But the rate of convergence
is determined by the highest frequency represented by the grid, and not by the highest
frequency which constitutes the initial condition. We can also see in Figure 6.1 (top
right) and (bottom left) that although not existing in the initial conditions, high fre-
quencies appear due to the indicator operator which mixes the frequencies, therefore
supporting our theoretical results.

Finally, we can see that the solution to the error equation (6.5) converges at a
linear rate determined by the highest frequency of the projector, which, as we know,
is the same as in the initial condition. Figure 6.1 (bottom left) shows that this choice
of observer does not create high frequencies.

6.3. Numerical study of the convergence rate. In this test, we focus on the
rate of convergence of the observer. Once discretized in space, the problem falls within
the framework of the section 5. We have linear convergence of the observer. This rate
of convergence is therefore given by the largest real part among the eigenvalues of the
observer matrix, i.e. the matrix My as presented in (6.7). We also know that this
convergence rate depends on the highest frequency for a fixed observation interval w.
In Figure 6.2, we are therefore interested in the relationship between the number of
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FIGURE 6.1. Convergence of the error equation for the initial condition in (6.6). Top
left: Convergence of the solution of [E,], [E,] and [Es], with the theoretical rate of conver-
gence found after an eigenvalue analysis of matrices Mg and M3. Top right: Same as top left,
where the solutions have been projected onto the low frequencies, i.e., {—Ninit,..., Ninit}. Bot-
tom left: Same as top left, where the solutions have been projected onto the high frequencies, i.e.,
{=Nyg,...,NtI\{—Ninit, - - -, Ninit }. Bottom right: Same as top left, where the solutions have been
projected onto the frequency 0.

frequencies represented and the rate of convergence. For increasing values of Ny, an
increasingly large matrix My is constructed and its eigenvalue of largest real part is
then extracted.

-1072 . .
——max(Re(c(My)))
/2

=t
@
-
[
B
g -0} ]
8
Z
5
o

-10° : :

10° 10’ 10? 10° 10*

Ny : number of frequencies

FIGURE 6.2. Convergence factor a as in ||(¢er, Ner)(t)|| = exp(—at) as function of the number
of frequencies Ny represented.

As can be seen in Figure 6.2, we therefore observe a linear convergence of the error
21
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at rate (N;)~'/2. Recall that theoretically, by Theorem 5.2, we have found that the
convergence rate is at least of rate (IV f)*l. Hence, it seems likely that our theoretical
result is not optimal.

6.4. Application to wave field reconstruction. In this section, we focus on
applying a Luenberger observer to a wave field in open sea, within a simplified but
still relevant framework. These data are generated over a basin of length L.

N
(6.8) n(t,z) = Re {Z Ay exp(i(|kn|z — wnt + )\n))}

n=1

where A,, are wave amplitudes of N = 2048 different individual waves calculated from
a JONSWAP spectrum [16] with a peak period of 10 seconds, and a significant height
of 3 meters. We then choose L = 641, where [, is the peak wavelength. We then have
ky = "% and w, = \/g|ky|tanh(d|k,|), and X, are random phase shifts drawn on
[0, 27].

We then aim to set up an observer on the interval {2 = [0, L/4], an interval divided
into two parts, with an observation region £2 = [0, L/8[ and a prediction region 2\ 2 =
[L/8,L/4[ as illustrated in Figure 6.3. We therefore simulate a situation where we
observe a wave field over an interval of size 8l,, and where we reconstruct this wave
field over an interval twice as large, with the aim of predicting it over a region where
we have no information. {2 is then discretized with a grid of N = 256 points (we
therefore have N = Ny, 5 = 128). We then solve the following observer equations

o L/8 L/4 L
———+ e
7]
|
o,

FIGURE 6.3. Setting for the reconstruction of a synthetic wave field.

on 2 X [0, Tenal:
8t770(xl7t) = _gqbo(xl? )7
(6.9) Orpo(x1,t) = G(Moly, 1)) + I Lol 501, t) — no(1, 1)),
. 770(95!,0) = 1§U(Il70)’
gbo(xl,O) = 0

The theoretical results given in section 5 no longer hold for two reasons. First, the
n wave field is not periodic on (2. Second is that the discretization of {2 is coarser
than that used to generate n synthetically. As explained in subsection 6.1, this second
reason leads to aliasing, preventing us from achieving the linear convergence described
in section 5. However, as long as the spectrum support of 7 is largely covered by the
dlscretlzatlon grid of {2, we expect qualitative results. A prior statistical understand-
ing of the spectrum of an open ocean wave field is therefore necessary, and this is why
operations such as JONSWAP have been performed.

To validate our results, we use a different metric from the one used so far, called
SSP (Surface Similarity Parameter), which is used in the hydrodynamics community
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[29, 19, 9]. It is defined as follows, for two signals fi and f:

1/2

(Zn len(f1) — Cn(f2)|2) '
(o lea(F)R)Y2 + (2, len(f2)2)?

The SSP has values in the range [0, 1], where 0 corresponds to a complete match and
1 corresponds to a perfect mismatch between the two signals.

Solving equation (6.9) with v = 0.2 gives the results shown in Figure 6.4. Here, for
a fixed time ¢, we compare the SSP score between the 7 function of the synthetic wave
field evaluated at the grid points in {2 and the solution of (6.9). The corresponding
snapshots are shown in Figure 6.5. The choice of v = 0.2 is explained later.

(6.10) SSP(t) =

——SSP over all Q
0.9 ——SSP over Q[
SSP over Q\Q
O snapshots
- - SSP=0.1168 | |

0.8

0.7

0.6 | :

0.5 q

SSp

0.3 q

02 AA j\'ﬁ‘%p_}_&.‘ -ﬁ - "‘&.1_

0.1}

0
0 100 200 300 400 500 600 700 800 900
time ¢ in seconds

FIGURE 6.4. SSP over time. Blue curve is the SSP on §2, red curve is the SSP on ﬁ, yellow
curve is the SSP on 2\(2, blue dotted curve is the mean value of the SSP on {2 over time interval
[400, 900].

In Figure 6.4, we can see that the observer takes some time to reconstruct the
whole {2 interval (around 400 seconds of simulation) before converging around an
average SSP of 0.12. The snapshots in Figure 6.5 show a good reconstruction of the
surface over {2 from ¢t = 400 seconds. We are then interested in the impact of the
gain constant v on the observer, its convergence rate, and its average SSP once the
first 400 seconds of simulation have elapsed. The results are shown in Figure 6.6.
Figure 6.6 shows that, depending on the value chosen for the gain constant -y, the
average SSP varies, and varies differently if we look at the whole simulation interval,
only the observed one or only the reconstructed one. The results shown in Figure 6.4
and Figure 6.5 are therefore those with v = 0.2 which equalizes the SSP over the
observation interval and the reconstruction interval, but we note that we can obtain
better results over one of these intervals individually if we choose another value of ~.
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